Abstract. In this paper we develop a theory of free holomorphic functions on noncommutative Reinhardt domains D m f (H) ⊂ B(H) n , generated by positive regular free holomorphic functions f in n noncommuting variables, and by positive integers m ≥ 1, where B(H) is the algebra of all bounded linear operators on a Hilbert space H. Noncommutative Berezin transforms are used to study Hardy algebras H ∞ (D m f,rad ) and domain algebras A(D m f,rad ) associated with D m f (H), and compositions of free holomorphic functions.
n ] 1 := {(X 1 , . . . , X n ) ∈ B(H) n : X 1 X * 1 + · · · + X n X * n < 1}, where B(H) is the algebra of all bounded linear operators on a Hilbert space H. We showed that several classical results from complex analysis and hyperbolic geometry have free analogues in this noncommutative multivariable setting (see [23] , [25] , [26] , [27] , [28] , [30] , [31] ). Related to our work, we mention the papers [7] , [9] , [14] , [15] , [35] , and [36] , where several aspects of the theory of noncommutative analytic functions are considered in various settings. Some of the results concerning the noncommutative analytic function theory on the open unit ball [B(H) n ] 1 were extended (see Chapter 2 from [29] ) to free holomorphic functions on the interiors of noncommutative ball-like domains |α|=k a α X α is a positive regular noncommutative polynomial, i.e., its coefficients are positive scalars and a α > 0 if α ∈ F + n with |α| = 1. Here, F + n is the unital free semigroup on n generators g 1 , . . . , g n and the identity g 0 . The length of α ∈ F + n is defined by |α| := 0 if α = g 0 and |α| := k if α = g i1 · · · g i k , where i 1 , . . . , i k ∈ {1, . . . , n}. If X := (X 1 , . . . , X n ) ∈ B(H) n we denote X α := X i1 · · · X i k and X g0 := I H .
In [24] , we studied more general noncommutative domains is well-defined in the operator norm topology. The map F is called free holomorphic function on D m p,rad (H). We remark that if m = 1 and p = X 1 + · · · + X n , then our definition coincides with the one for free holomorphic functions (see [23] ) on the open unit ball of B(H) n .
There is an important connection between the theory of free holomorphic functions on noncommutative domains D , s ∈ N, where Int denotes the interior. This is due to the fact that the representation of any free holomorphic function on a finite dimensional space (H = C s ) is a holomorphic function in the classical sense. This connection will allow us to use the theory of functions in several complex variables ( [12] , [32] , [34] ) and our noncommutative theory in our attempt to classify the domains D m p (H) and the corresponding noncommutative domain (resp. Hardy) algebras (see Theorem 4.3, Theorem 4.8, and Corollary 4.9). As in the case of biholomorphic maps between domains in C n , n > 1, (see [11] , [32] ), we expect a great deal of rigidity for free biholomorphic functions between noncommutative domains.
In Section 1, we recall basic facts concerning the noncommutative Berezin transforms ( [24] ) associated with noncommutative domains D 2). We recall ( [24] ) that the Banach algebra F ∞ n (D m p ) is the sequential WOT-(resp. w*-)closure of all polynomials in W 1 , . . . , W n , and the identity, while A n (D m p ) is the norm closed algebra generated by the same operators. Hardy algebras of bounded free holomorphic functions with operator-valued coefficients are also discussed.
In Section 3, we present several results concerning the composition of free holomorphic functions on noncommutative domains D m p,rad . These results are used, throughout this paper, to study free biholomorphic functions. Let p and g be positive regular noncommutative polynomials with n and q indeterminates, respectively, and let m, l ≥ 1. A map F : D In Section 5, we present the main result of this paper (see Theorem 5.1) which shows that the free biholomorphic classification of the noncommutative starlike domains
n , generated by positive regular noncommutative polynomials p and positive integers m ≥ 1, is the same as the classification, up to unital completely isometric isomorphisms having completely contractive hereditary extension, of the corresponding noncommutative domain algebras
is a unital completely isometric isomorphism having completely contractive hereditary extension if and only if there is a free biholomorphic map
. In particular, we prove that the noncommutative domains D ) are completely isometrically isomorphic. We mention that if m = l = 1 and p = g = X 1 + · · · + X n , we recover (with a different proof) the corresponding result from [30] . In the particular case when n = m = l = 1 and p = g = X, we obtain the well-known result ( [10] ) that the automorphisms of the disc algebra A(D), of all bounded analytic functions on the open unit disc D := {z ∈ C : |z| < 1} with continuous extensions to the closed disc, are the maps Θ τ (ϕ) = ϕ • τ , ϕ ∈ A(D), where τ is a conformal automorphism of the unit disc D.
Combining the main result of this paper with the Cartan type results from Section 4, we obtain a characterization of all isomorphisms Ψ : A(D m p,rad ) → A(D l g,rad ) with ϕ(0) = 0. We mention that, in the particular case when m = l = 1, our result strengthens and provides a converse of the main result of Arias We should mention that the results of this paper are presented in a more general setting, namely, when the polynomials p and g are replaced by positive regular free holomorphic functions on open balls [B (H) n ] γ , γ > 0.
Free holomorphic functions on noncommutative Reinhardt domains
We begin by setting up the notation and by recalling some basic facts concerning the noncommutative Berezin transforms associated with noncommutative domains D Let f := α∈F + n a α X α , a α ∈ C, be a free holomorphic function on a ball [B(H) n ] γ for some γ > 0. As shown in [23] , this condition is equivalent to lim sup
Throughout this paper, we assume that a α ≥ 0 for any α ∈ F + n , a g0 = 0, and a gi > 0, i = 1, . . . , n. A function f satisfying all these conditions on the coefficients is called a positive regular free holomorphic function. We denote by id the identity map acting on the algebra of all bounded linear operators an a Hilbert space. Given m, n ∈ N := {1, 2, . . .} and a positive regular free holomorphic function 
f (H) and θ 1 , . . . , θ n ∈ R. We say that Φ f,X is power bounded if there exists a constant M > 0 such that Φ k f,X ≤ M for any k ∈ N. In particular, this is the case if Φ f,X (I) ≤ I. We recall (see [24] , Lemma 1.4) the following result. If Φ f,X is a power bounded positive map and m ∈ N, then
Indeed, since Φ f,X (I) ≤ I and a α ≥ 0, we deduce that [29] . When m ≥ 2, we point out the following class of noncommutative starlike domains.
Now, we recall ( [24] , [29] ) a few facts concerning the noncommutative Berezin transforms associated with noncommutative domains D m f (H), m ≥ 1. Let H n be an n-dimensional complex Hilbert space with orthonormal basis e 1 , e 2 , . . . , e n , where n ∈ N, or n = ∞. Consider the full Fock space of H n defined by
where H ⊗k n is the (Hilbert) tensor product of k copies of H n . We denote
n , where i 1 , . . . , i k ∈ {1, . . . , n}, and e g0 := 1. Note that {e α } α∈F + n is an orthonormal basis for F 2 (H n ). Define the left creation operators S i , i = 1, . . . , n, acting on F 2 (H n ) by setting
. . , n, be the diagonal operators given by
Since a gi > 0, Lemma 1.2 from [24] implies
and, consequently,
We define the weighted left creation operators W i : 
where the coefficients b 
where the coefficients b
then there is a unique bounded operator acting on F 2 (H n ), which we denote also by ϕ(
The set of all operators ϕ(
is the sequential SOT-(resp. WOT-, w * -) closure of all polynomials in W 1 , . . . , W n , and the identity.
In the particular case when m = 1 and q = X 1 + · · · + X n , the algebras A n (D 1 q ) and F ∞ n (D 1 q ) coincide with the noncommutative disc algebra A n and the noncommutative analytic Toeplitz algebra F ∞ n , respectively, which were introduced in [19] (see also [20] , [21] ) in connection with a noncommutative von Neumann type inequality and have been extensively studied in the last two decades. For the classical von Neumann inequality we refer the reader to [37] , [33] , [17] , and [16] .
The joint spectral radius of an n-tuple T :
f (H) with r f (T 1 , . . . , T n ) < 1, we introduced (see [24] ) the noncommutative Berezin transform at T as the map
1/2 and x, y ∈ H. We should add that the n-tuple , where f = aαZ α and α := g i k · · · g i1 denotes the reverse of α = g i1 · · · g i k ∈ F + n . We remark that in the particular case when n = 1, m = 1, f = Z, H = C, and T = λ ∈ D, we recover the Berezin transform [3] of a bounded linear operator on the Hardy space H 2 (D), i.e.,
where k λ (z) := (1 − λz) −1 and z, λ ∈ D. The noncommutative Berezin transform will play an important role in this paper.
where the noncommutative Berezin kernel K
We recall that the noncommutative Berezin transforms B T and B T coincide for any n-tuple of operators
f (H) with joint spectral radius r f (T 1 , . . . , T n ) < 1. In the particular case when m = 1 and f = X 1 + · · · + X n , the extended Berezin transform coincides with the noncommutative Poisson transform (see [21] , [22] ). 
where the limit exists in the operator norm topology of B(H), and
n . In particular, we have the following von Neumann type inequality:
for any finite set Λ ⊂ F + n and C α,β ∈ B(E), where E is a Hilbert space. Moreover, the restriction of B T to the domain algebra A n (D 
Since, throughout the paper, D 
is well-defined in the operator norm topology. The map G is called free holomorphic function on D m f,rad (H). We remark that if m = 1 and f = X 1 + · · · + X n , then our definition coincides with the one for free holomorphic functions (see [23] ) on the open unit ball of B(H) n .
Our first result is the following characterization of free holomorphic functions on the noncommutative domain D m f,rad , with operator-valued coefficients.
be a formal power series with operator-valued coefficients C (α) ∈ B(E), and let H be a separable infinite dimensional Hilbert space. Then the following statements are equivalent:
(ii) For any r ∈ [0, 1), the series
is convergent in the operator norm topology, where
holds, where the coefficients b
Then there is k as large as necessary such that
Let r be such that 1 γ < r < 1 and let h ∈ E. Note that, using relation (1.4), we have
Hence, we deduce that
Since rγ > 1, the series
is divergent in the operator norm topology. Now we prove that (iii) =⇒ (iv). Assume that item (iii) holds and let 0 < r < ρ < 1. Then, we can find m 0 ∈ N such that (1.8)
According to Lemma 1.1 from [24] and relation (1.4), the operators {W β } |β|=k have orthogonal ranges and
where
Hence, and using relation (1.8), we deduce that
which proves (iv). Since the implication (v) =⇒ (i) is obvious, it remains to prove that (iv) =⇒ (v).
To this end, assume that item (iv) holds and let (X 1 . . . , X n ) ∈ D m f,rad (H). Then there exists r ∈ (0, 1) such that (
f (H) and, using the noncommutative von Neumann inequality (1.7), we deduce that
Hence, the series
is convergent and, therefore, item (v) holds. The proof is complete.
We remark that the coefficients of a free holomorphic function are uniquely determined by its representation on an infinite dimensional Hilbert space. Indeed, let F :
where the series converges in the operator norm topology for any (X 1 , . . . , X n ) ∈ D m f,rad (H). Let 0 < r < 1 and assume that F (rW 1 , . . . , rW n ) = 0. Taking into account relation (1.4), we have
for any x, y ∈ E and α ∈ F + n . Therefore A (α) = 0 for any α ∈ F + n , which proves our assertion. Due to this reason, throughout this paper, we assume that H is a separable infinite dimensional Hilbert space.
r2 in the latter inequality, our assertion follows. We also remark that, for each r ∈ [0, 1), the map G :
is continuous in the operator norm topology and (1.10)
f (H), and using again the noncommutative von Neumann inequality (1.7), we obtain
. This clearly implies our assertion.
As in the particular case m = 1 (see [29] ), there is an important connection between the theory of free holomorphic functions on noncommutative domains D 
) and θ ∈ R. In the particular case when p = 1, the interior
Given a free holomorphic function on D m f,rad (H) with scalar coefficients,
the results above show that
. To record this result, let M p denote the set of all p × p matrices with entries in C.
f,rad (H) with scalar coefficients, then its representation on C p , i.e., the map F p defined by Let us recall some definitions concerning completely bounded maps on operator spaces. We identify M p (B(H)), the set of p × p matrices with entries from B(H), with B(H (p) ), where H (p) is the direct sum of p copies of H. Thus we have a natural C * -norm on M p (B(H)). If X is an operator space, i.e., a closed subspace of B(H), we consider M p (X) as a subspace of M p (B(H)) with the induced norm. Let X, Y be operator spaces and u : X → Y be a linear map. Define the map u p :
We say that u is completely bounded if u cb := sup p≥1 u p < ∞. If u cb ≤ 1 (resp. u p is an isometry for any p ≥ 1) then u is completely contractive (resp. isometric), and if u p is positive for all p, then u is called completely positive. For more information on completely bounded maps, we refer to [16] , [17] , and [8] .
According to [24] , if T :
exists in the strong operator topology and defines a map B T : We remark that if T is a pure n-tuple of operators, i.e., SOT-lim p→∞ Φ p f,T (I) = 0, then T is c.n.c. and
, where D f,m,T := ∆ f,m,T (H) and B T is the extended noncommutative Berezin transform defined by relation (1.5). In particular, if
|α|=k c α r |α| W α , and
Moreover, we can prove that
Combining this with the inequality (2.3), we obtain
Since the function [0, 1) ∋ r → G(rW 1 , . . . , rW n ) ∈ R + is increasing (see relation (1.9)), we can complete the proof of our assertion. Now, we are ready to introduce the noncommutative Hardy algebra H ∞ (D 
where the supremum is taken over all n-tuples ( 
where the supremum is taken over all n-tuples (X 1 , . . . , X n ) ∈ D m f,rad and any Hilbert space H. It is easy to see that the norms · p , p = 1, 2, . . ., determine an operator space structure on 
. In this case,
where B is the noncommutative Berezin transform associated with the noncommutative domain D m f .
Proof. First we need to show that the map Φ is well-defined. Let G ∈ H ∞ (D m f,rad ) and let
be its representation on a separable infinite dimensional Hilbert space H.
Hence, taking into account relation (1.4), we deduce that
for any 0 ≤ r < 1. Consequently,
2 (H n ) with q = 1 such that
Consequently, there is r 0 ∈ (0, 1) such that
which is a contradiction. Therefore,
, which proves that the map Φ is welldefined. Moreover, due to relation (1.10), we have G(X 1 , . . . , X n ) ≤ G(rW 1 , . . . , rW n ) for any (X 1 , . . . , X n ) ∈ D m f,r (H). Using now relation (2.4), we deduce that
Therefore, Φ is a well-defined isometric linear map. Moreover, relation (2.2), implies
We show now that Φ is a surjective map. To this end, let ϕ := α∈F
Using now Theorem 1.2, we deduce that G(Z 1 , . . . , Z n ) := 
. This shows that the map Φ is surjective. Therefore, we have proved that Φ is an isometric isomorphism of operator algebras. Using the same techniques and passing to matrices, one can prove that Φ is a completely isometric isomorphism.
Moreover, note that if
|α|=k c α X α is convergent in the operator norm topology. Due to the properties of the noncommutative Berezin transform, for any r ∈ [0, 1), we have On the other hand, due to Theorem 2.1, we deduce that Φ(G) : 
f (H). Note also thatG is an extension of the free holomorphic function
The last equality is due to the fact that G is continuous on D 
Hence, and using relation (2.6), we have 
Moreover, F is the noncommutative Berezin transform of
We denote by A E (D 
Compositions of free holomorphic functions
In this section we present several results concerning the composition of free holomorphic functions on noncommutative domains D m f,rad . These results are used, throughout this paper, to study free biholomorphic functions.
Let f be a positive regular free holomorphic function with n indeterminates and consider a free holomorphic function Φ : D 
for some bounded operators A (α) ∈ B(E), α ∈ F + p . Note that it makes sense to define the mapping
where the convergence is in the operator norm topology. In what follows, we prove that F • Φ is a free holomorphic function on D m f,rad (H) with standard representation
for any σ ∈ F + n and x, y ∈ Y ⊗ E. First, we need the following result. 
This implies (id−Φ g,
. . , X n ) is given by a series which is convergent in the operator topology and so is Φ j (γW ) ∈ A n (D m f ). Therefore, using the properties of the noncommutative Berezin transform, we have
, and using the fact that the noncommutative Berezin transform is a completely positive map which is SOT-continuous on bounded sets, we deduce that
Hence, we infer that
, which shows that the n-tuple (ϕ 1 (X 1 , . . . , X n ), . . . , ϕ p (X 1 , . . . , X n )) is in D The next result shows that the composition of free holomorphic functions with operator-valued coefficients is a free holomorphic function. Proof. Suppose that F has the standard representation 
is convergent in the operator norm topology. Since Φ i (rW 1 , . . . , rW n ) is in the tensor algebra A n (D m f )⊗ min B(Y) for each i = 1, . . . , p, the operator Q r is in the operator algebra
Therefore, M r has a Fourier representation
where the series
converges in the operator norm topology. Now, we show that the coefficients B (α) (r), α ∈ F + n , don't depend on r ∈ [0, 1). Taking into account relations (3.2) and (3.3), we have
for any x, z ∈ E, y, y ′ ∈ Y, and α ∈ F 
converges in the operator norm topology, for any r, γ ∈ [0, 1). According to Theorem 1.2,
is a free holomorphic function on D m f,rad (H). Using the continuity of G in the norm operator topology and relations (3.2) and (3.4), we deduce that
for any r ∈ [0, 1).
Applying the noncommutative Berezin transform at (
f (H) to relation (3.5), when r := γ, we deduce that 
, where B X , B Φ are the noncommutative Berezin transforms at X and Φ, respectively; (c) the model boundary function of the composition F • Φ satisfies the equation
where the convergence is in the operator norm topology and B Φ is the noncommutative Berezin transform at Φ.
Proof. Let F have the representation
where the series converges in the operator norm topology. Since F and Φ have continuous extensions to the noncommutative domains D 
where the convergence is in the operator norm topology. Hence and due to the fact that
, then using the continuity of F, Φ, and the continuity of the noncommutative Berezin transform B X in the operator norm topology, we obtain 
which proves part (c). Part (a) is now obvious. The proof is complete.
We recall that an n-tuple T := (T 1 , . . . , T n ) ∈ D 
Lemma 3.4. Let f and g be positive regular free holomorphic functions with n and p indeterminates, respectively, and let m, l ≥ 1.
Proof. Taking into account that ψ := ( ψ 1 , . . . , ψ p ) ∈ D l g,pure (F 2 (H n )) and X := (X 1 , . . . , X n ) ∈ D m f,pure (H), and using the properties of the extended noncommutative Berezin transform, we deduce that
Since Φ 
where B Φ is the noncommutative Berezin transform at Φ.
where the series converges in the operator norm topology. Since F and Φ are bounded free holomorphic functions on the noncommutative domains D 
Hence and due to the fact that
is closed in the strong operator topology, we deduce that
. Consequently, as in the proof of Theorem 3.3, using the continuity of the noncommutative Berezin transform B X in the strong operator topology (see (2.1)), and relation (3.6), we obtain
, the operator-valued version of Theorem 2.2 shows that F •Φ is a free holomorphic function on D m f,rad (H) and its model boundary function satisfies the equation
Free biholomorphic functions and noncommutative Cartan type results
In this section we obtain noncommutative Cartan type results for formal power series in several noncommuting indeterminates, which leave invariant the nilpotent parts of the corresponding domains. These results are used to characterize the set of all free biholomorphic functions F : D (N 1 , . . . , N n ) is nilpotent}. For simplicity, throughout this paper, [X 1 , . . . , X n ] denotes either the n-tuple (X 1 , . . . , X n ) ∈ B(H) n or the operator row matrix [X 1 · · · X n ] acting from H (n) , the direct sum of n copies of a Hilbert space H, to H. Theorem 4.1. Let f be a positive regular free holomorphic function with n indeterminates and let m ≥ 1. Let H 1 , . . . , H n be formal power series in n noncommuting indeterminates Z 1 , . . . , Z n of the form
has the property that
Proof. Assume that there exists α ∈ F + n , |α| ≥ 2, and i ∈ {1, . . . , n} such that a (i) α = 0 . Let p ≥ 2 be the smallest natural number such that there exists α 0 ∈ F + n , |α 0 | = p, and i 0 ∈ {1, . . . , n} such that a (i0) α0 = 0. Then F has the form F = (F 1 , . . . , F n ), where, for each i = 1, . . . , n,
α Z α for each k ≥ p and i ∈ {1, . . . , n}. Note that, for each i ∈ {1, . . . , n}, G
p+1 is a power series containing only monomials of degree ≥ p+1 in its representation. Therefore, F • F is a power series and
Iterating this process and setting
, N ∈ N, we deduce that
where, for each i = 1, . . . , n, E 
for any α ∈ F + n with |α| ≥ 2, and N = 1, 2, . . ., where P M is the orthogonal projection from F 2 (H n ) onto M. We recall that {e α } α∈F + n is the standard orthonormal basis for
. . , n, are homogeneous noncommutative polynomials of degree p and |α 0 | = p, we have
Assume that α 0 = g j γ 0 , where j = 1, . . . , n and γ 0 ∈ F + n , |γ 0 | = p − 1. Then, due to relation (1.4), we
e γ0 and W * i e α0 = 0 for i = j. Hence and using relation (4.1), we deduce that
On the other hand, since (
f (M) and due to the hypothesis, we have
Applying inequality (1.1) we obtain
for any N ∈ N, where a α are the coefficients of f = |α|≥1 a α X α . We recall that a α > 0 if |α| = 1. Hence and using relation (4.3), we deduce that
for any N ∈ N, which, due to (4.2), is a contradiction. This completes the proof.
In what follows, if L := [a ij ] n×n is a bounded linear operator on C n , we use the matrix notation
Theorem 4.2. Let f and g be positive regular free holomorphic functions with n indeterminates and let m, l ≥ 1. Let F = (F 1 , . . . , F n ) and G = (G 1 , . . . , G n ) be n-tuples of formal power series in n noncommuting indeterminates such that
where U is an invertible bounded linear operator on C n .
Proof. Since F (0) = 0, F has the representation F = (F 1 , . . . , F n ), where each F j is a power series with scalar coefficients, having the form
is a power series of the form Ψ (j)
α ∈ C. Similarly, G = (G 1 , . . . , G n ) , where each G j is a power series, having the form
and Γ
2 is a power series of the form Γ
Consider the matrices U := [a ij ] n×n and B := [b ij ] n×n . Using the representations (4.4) and (4.5), we deduce that
where Λ (j) 2 , j = 1, . . . , n, are power series containing only monomials of degree ≥ 2 in their representations. Since (G • F )(Z 1 , . . . , Z n ) = (Z 1 , . . . , Z n ), we deduce that U B = I n and Λ (j) 2 (Z 1 , . . . , Z n ) = 0 for j = 1, . . . , n. Similarly, since (F • G)(Z 1 , . . . , Z n ) = (Z 1 , . . . , Z n ), we can prove that BU = I n . Therefore U is an invertible operator on C n . Note that
is a power series, for all θ ∈ R. Due to relation (4.4), we deduce that
2 (e iθ Z 1 , . . . , e iθ Z n ), . . . ,
is a power series with H(0) = 0. Taking into account the representations of the power series involved in the definition of H, calculations as above lead to
where Φ Now, since U B = I n , we can apply Theorem 4.1 to the power series H to conclude that H(Z 1 , . . . , Z n ) = (Z 1 , . . . , Z n ). Hence, taking into account that G • F = id and due to relation (4.6), we obtain
for any θ ∈ R. Using the representations given by (4.4), the latter equality implies
where α ∈ F + n with |α| ≥ 2, and j = 1, . . . , n. Hence, a (j) α = 0 and, consequently,
The proof is complete.
Let f and g be positive regular free holomorphic functions with n and q indeterminates, respectively, and let m, l ≥ 
, where U is an invertible bounded linear operator on C n such that
is a free biholomorphic function with F (0) = 0. According to Theorem 4.3, we must have n = q. Then F has a representation F = (F 1 , . . . , F n ), where F j is a power series with scalar coefficients, having the representation
is a power series of the form Ψ 
are closed in the operator norm topology, and taking r → 1, we obtain the assertion of the theorem.
Conversely, assume that F has the form where H is identified with a co-invariant subspace of
are free biholomorphic equivalent if and only if there is an invertible bounded linear operator U ∈ B(C 2 ) such that
Free biholomorphic classification of noncommutative domains
The main result of this section shows that the free biholomorphic classification of the noncommutative domains D Let f and g be positive regular free holomorphic functions with n and q indeterminates, respectively, and let m, l ≥ 1. According to Theorem 2.2, there is a completely isometric isomorphism
where the limit is in the operator norm topology, whose inverse is the noncommutative Berezin transform
is a unital algebra homomorphism, it induces a unique unital homomorphism Φ :
is commutative, i.e., ΦB = B Φ, where B is the appropriate noncommutative Berezin transform on the noncommutative domain algebra
) (see relation (1.6)). The homomorphisms Φ and Φ uniquely determine each other by the formulas:
, and
We recall that Bih(D . Consider the closed operator systems in B(F 2 (H n )),
where (W 
, α, β ∈ F + q , respectively, are completely contractive. Using an approximation argument, one can easily show that Φ * • ( Φ −1 ) * = id Sg and ( Φ −1 ) * • Φ * = id S f . Consequently, the map Φ * : S f → S g is a unital completely isometric linear isomorphism between operator systems, which extends the completely isometric isomorphism Φ : A n (D ). Consequently, using the noncommutative von Neumann inequality (1.7), we deduce that the linear map
n , is completely contractive. A similar result can be deduced for ϕ −1 . Therefore, Ψ has completely contractive hereditary extension, and item (i) holds. Moreover, due to Theorem 3. ) be a completely isometric isomorphism. Then, we showed at the beginning of this proof that ϕ := ( ϕ 1 , . . . , ϕ n ) ∈ D 1 f (F 2 (H n )), where ϕ i are given by relation (5.1). Similarly, we deduce that ξ := ( ξ 1 , . . . , ξ q ) is in
, where ξ i are given by relation (5.4). As above, using the noncommutative von Neumann inequality (1.7), we deduce that Ψ has unital completely contractive hereditary extension, which completes the proof. n ] 1 if and only if q = n and g = c 1 X 1 + · · · + c n X n for some c i > 0.
Isomorphisms of noncommutative Hardy algebras
In this section we characterize the unitarily implemented isomorphisms of noncommutative Hardy algebras associated with noncommutative domains. Similar results are deduced for noncommutative domain algebras.
Let f and g be positive regular free holomorphic functions with n and q indeterminates, respectively, and let m, l ≥ 1. According to Theorem 2.1, there is a unital completely isometric isomorphism the algebra F ∞ n , respectively, are determined by the free holomorphic automorphisms of [B(H) n ] 1 , via the noncommutative Poisson transform. According to [7] and [30] , we have
We remark here that the conformal automorphisms of B n also occur in the work of Muhly and Solel ( [15] ) concerning the automorphisms of Hardy algebras associated with W * -correspondence over von Neumann algebras ( [13] , [14] ).
